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THE DECEMBER MEETING OF THE SAN 
FRANCISCO SECTION. 


THE fourth regular meeting of the San Francisco Section of 
the AMERICAN MATHEMATICAL SocIETY was held on Saturday, 
December 19, 1903, at the University of California. The fol- 
lowing fourteen members were present : 

Professor R. E. Allardice, Professor H. F. Blichfeldt, Pro- 
fessor G. C. Edwards, Professor R. I.. Green, Professor M. W. 
Haskell, Dr. D. N. Lehmer, Professor A. O. Leuschner, Pro- 
fessor G. A. Miller, Dr. H. C. Moreno, Professor C. A. Noble, 
Dr. T. M. Putnam, Professor Irving Stringham, Dr. S. D. 
Townley, Mr. A. W. Whitney. 

A morning and an afternoon session were held, Professor 
Stringham acting as chairman at both sessions. During the 
morning session the following officers were elected for the en- 
suing year: Professor R. E. Allardice, chairman ; Professor G. 
A. Miller, secretary ; Professors M. W. Haskell, Irving String- 
ham and G. A. Miller, programme committee. In the by-law 
relating to the time of meetings the dates of the regular meet- 
ings were changed from May and December to February and 
September. This change is to go into effect after the next reg- 
ular meeting, which will be held in May at Stanford University. 

The following papers were read at this meeting : 

(1) Dr. E. M. Buaxe: “ Exhibition of models of polyhedra 
bounded by regular polygons.” 

(2) Professor M. W. HaskEe.u: “ Brianchon hexagons in 
” 

(3) Professor R. E. ALLARDICE: “On the locus of the foci 

of a system of similar conics through three points.” 

(4) Professor Invine StRINGHAM: “ On curvature in abso- 
lute space.” 

(5) Professor H. F. BLicuFELpT: “On the order of linear 
homogeneous groups, II.” 

(6) Professor E. J. WiLczyNnskI: “Studies in the general 
theory of surfaces.” 

(7)-Professor E. J. WitczyNnsk1: “ A fundamental theorem 
in the theory of ruled surfaces.” 

(8) Professor G. A. Miller: “On the roots of group op- 


erators.” 
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(9) Dr. D. N. Lenmer: “On the Jacobian curve of three 
quadric surfaces and a certain ruled surface connected with it.” 

(10) Dr. D. N. Lenmer: “On a new method of finding 
factors of numbers.” 

(11) Mr. W. A. Mannine: “On the primitive groups of 
classes six and eight.” 

(12) Professor M. W. Haske: “ Approximations to the 
square root of a positive number.” 

Professor Haskell exhibited Dr. Blake’s models, Professor 
Wilczynski’s papers were read by Dr. Lehmer, and Mr. Man- 
ning’s paper was read by the secretary. The other papers were 
presented by their authors. Abstracts are given below. The 
abstracts are numbered to correspond with the titles in thelist 
above. 


1. Dr. Blake has prepared a number of models of convex 
irreducible polyhedra in which all the faces are regular polygons, 
and developed some general theorems relating to the construc- 
tion of such solids. He has found all the convex irreducible 
polyhedra bounded by regular triangles and also all of those 
having only trihedral angles (cf. Briichner: Vielecke und 
Vielflache, page 83). 


2. Professor Haskell developed a number of theorems on 
the tetrahedra determined by a Brianchon hexagon in. space, 
and the three-fold infinity of conicoids through the vertices of 
such a hexagon, together with the following simple construction 
for the polar plane of any point P with reference to a given 
quadrie : 

Through P draw any three non-coplanar lines meeting the 
quadric in A, and A,, B, and B,, C, and C, respectively. The 
pairs of planes A,B,C, and A,B,C, A,B,C, and A,B,C, A,B,C, 
and A,B,C, A,B,C, and A,B,C, meet in lines lying in the 
polar plane of ‘P, which is therefore determined by any two of 
these lines. 


3. Steiner proposed the problem of finding the loci and the 
envelopes of certain points and lines associated with a system 
of conics passing through three fixed points. A solution of 
these problems is given by Schoute in Darboux’s Bulletin by 
means of Chasles’s method of characteristics ; but only the 
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degree of each locus and the class of each envelope are stated, 
together with the nature of the singularities ; and in each case 
the degree or class is given to be twice as great as it ought to 
be, while the statements with respect to the singularities are 
correspondingly inaccurate. Professor Allardice had pre- 
viously shown, in papers in the Annals of Mathematics, volume 
3, page 154, and in the Transactions, volume 4, page 103, 
that each axis and each asymptote envelopes a three-cusped 
hypocycloid ; and in the present paper he shows that the locus 
of the foci is a bicircular sextic, having the three fixed points 
as double foci. The singularities are determined, and some 
typical forms of the curve are traced. For a parabola, the 
sextic degenerates into the straight line at infinity, and a cir- 
cular quintic. 


4. Professor Stringham applied the well known geometric 
method of determining the radius of curvature of curves in non- 
euclidean ‘space. The homogeneous coérdinates of points in 
space being represented as functions of are in the form w/(s), 
2(8), y(8), 2(8), the expression for curvature is developed in the 

‘orm 

1 /sin? p=w” y+ 
where w”, x”, y”, z” are the second derivatives with respect to s 
and sin, p is defined by 


sin, p = — 


5. This paper is a continuation of the article published in 
the : Transactions, volume 4, page 387, in which Professor 
Blichfeldt proved that if the order of a linear homogenous 
group G of substitutions of determinant 1, primitive and on n 
variables, is divisible by the prime p, then is p=(n — 1)(2n 
+1). Inthe present paper, certain theorems are given from 
which it appears that, if p” is a factor of the order of G, then 
is N certainly not greater than 


n log n*k 
where & is the largest term in the expansion of (1 + 1)*. 

Professor Blichfeldt stated also the following theorem: The 
number of independent parameters in a primitive continuous 
group in n variables is less than a fixed number d which de- 
pends only upon n. 
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6. In a previous paper, Professor Wilczynski has already 
considered the congruence made up of all of the generators of 
the first kind on the osculating hyperboloids of a ruled surface 
S. In the present paper these considerations are continued. 
If any other ruled surface S’ of this congruence I’ be consid- 
ered, its osculating hyperboloid H’ and that of S have a straight 
line in common, namely the generator g’ of S’. The two 
hyperboloids must therefore have besides a twisted cubic in 
common. A large part of the paper is devoted to this cubic, 
to the null system which it defines, and to the surface made up 
of these cubics, one cubic corresponding to each generator of S. 
The osculating linear complex of a ruled surface is also defined 
and studied, leading to generalizations of some well known 
theorems of Lie and Cremona. The relations of this complex 
to the twisted cubic lead to some important results. 

The paper further contains the interpretation of certain 
invariants which present themselves during the discussion. 
Especially important is the notion of the principal surface of 
the congruence I’, which permits the interpretation of the sem- 
invariant condition @, = const., a result which the author had 
long looked for in vain, and which is necessary for a complete 
understanding of the whole theory. The general case only, is 
completely treated in this paper, i. ¢., the case when the flecnode 
curve intersects every generator in two distinct points. The 
case of coincidence offers some further difficulties not yet over- 
come, which the author hopes to treat in a future paper. The 
paper will be published in the Transactions. 


7. In the general theory of surfaces the theorem is funda- 
mental that a surface is determined uniquely when the six coef- 
ficients of the two fundamental quadratic forms are given arbi- 
trarily, subject, of course, to the relations which must exist 
between them. The following theorem plays the same part in 
the general projective theory of ruled surfaces. If the four 
invariants 8,, are given as arbitrary functions of z, 
they determine a ruled surface uniquely, except for projective 
transformations. If in the second place one determines a 


second surface by means of the invariants 0,, 0,, 0,, 0,,, where 
6,= 4, 9, 6, = — 9, 6 


this second surface is dualistic to the first. The ruled surface 
is not determined uniquely when 6, or 0,, vanishes. 
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The following theorem on self-dual surfaces follows from 
this. Ifa ruled surface is self-dual, it must belong to a linear 
complex. If however this complex is special, the surface must 
belong to still another linear complex, i. ¢., it must have two 
straight line directrices, which may or may not coincide. All 
such surfaces are self-dual. 

This paper has been published in the Mathematische Annalen, 
volume 58, page 249. 


8. Let G represent any group of finite order g. By raising 
each operator of G to a power prime to g we obtain each 
operator once and only once. That is, if s represents any 
operator of G and if m is prime to g, there is one and only one 
operator s, of G such that s»=s. In accord with the lan- 
guage of algebra we may say that s, is an mth root of s. Hence 
every operator of G has one and only one mth root under G 
whenever m is prime to g. 

When m is not prime to g there is at least one operator in G 
(the identity) which has more than one mth root. Since the 
number of mth roots is always equal to g it follows that G must 
contain at least one operator which is not an mth root whenever 
the highest common factor d of m and g exceeds unity. In 
this case, each of the operators of G whose order is prime to m 
will have at least one mth root and the mth roots of any operator 
are identical with its dth roots. Professor Miller developed the 
theory of roots with respect to abelian groups and those whose 
order is a power of a prime. The paper will be offered to the 
Quarterly Journal for publication. 


9. Steiner has indicated (Crelle, volume 53, page 133-141) 
a simple transformation by which a plane goes into a cubic 
surface. With a given point he associates the intersection of 
its polar planes with respect to three quadrics. This furnishes 
three projective point systems—the usual apparatus for the 
synthetic theory of the cubic surface. The transformation is 
in itself interesting in other directions. It leads naturally and 
simply to the jacobian curve of three quadrics (Salmon, Geom- 
etry of three dimensions, page 185), together with a ruled sur- 
face of degree eight formed of all lines which meet this curve 
three times. In the present paper Dr. Lehmer gives a brief 
development of the theory of this curve and this surface. 


10. Lagrange has shown that if the equation 
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be resoluble in integers, (Q being less than VN, then Q will be 
found among the denominators of the complete quotients in 
the expansion of Y N in a continued fraction. Dr. Lehmer 
makes this theorem the basis of a method of finding the fac- 
tors of numbers. The spirit of the method will be seen from 
the following theorem: If the number N is the product of 
two factors p and q, which differ by less than 2j/N, then 
[(p — 9)/2]* will occur as a denominator in the complete quo- 
tients obtained in expanding YN in a continued fraction. 
Moreover, this denominator will appear before the numerator 


of the convergent to YN becomes equal to NV. 


11. In the Comptes Rendus of 1872 Jordan reported his 
determination of the primitive groups of class less ‘than 14. 
He has never published his proofs and the lists given are not 
exact. Mr. Manning has studied classes 6 and 8 and reports 
14 primitive groups of class 6 and 18 of class 8. Use is made 
of the theorem that a doubly transitive group cannot have an 
imprimitive invariant subgroup unless its degree is a power of 
a prime number. 


12. Professor Haskell’s paper is mainly historical, analyzing 
by modern methods some ancient modes of approximation to 
square roots, as described by Theon of Smyrna, Luca Paciuoli 
and others, and pointing out their usefulness in introducing the 
theory of irrational numbers and the idea of a limit. 

G. A. MILLER, 
Secretary. 
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THE FIFTY-THIRD ANNUAL MEETING OF THE 
AMERICAN ASSOCIATION FOR THE 
ADVANCEMENT OF SCIENCE. 


THE fifty-third annual meeting of the American Association 
for the Advancement of Science was held at St. Louis during 
the convocation week, December 28, 1903, to January 2, 1904. 

Honorable Carroll D. Wright was president. The address 
of the retiring president, Dr. Ira Remsen, entitled “Scientific 
investigation and progress,” was given at the Odeon on the 
evening of the opening day. Though the enrollment was 
small, reaching a total of only 466, the meeting was in every 
other respect an eminently successful one. The cause of the 
small attendance is not to be sought in any general diminution 
of interest in the work of the Association ; but rather in the 
fact that many have preferred to visit St. Louis a few months 
hence, when the Congress of Arts and Sciences to be held in 
connection with the Louisiana Purchase Exposition shall be in 
session. 

Excellent accommodations were provided for all the sections 
and for the twenty-one affiliated societies in the Central High 
School Building. Everything that could contribute to the 
comfort and convenience of visiting scientists had been antici- 
pated by a most efficient local committee. Of the affiliated 
societies, the Astronomical and Astrophysical Society of America 
and the Chicago Section of the AMERICAN MATHEMATICAL 
Society held joint sessions with Section A. 

As compared with previous years, but few mathematicians 
and astronomers were present and there was a correspondingly 
small number of papers for the programme of Section A. The 
officers of the section were: vice-president, Otto H. Tittmann ; 
secretary, L. G. Weld; councilor, Ormond Stone; sectional 
committee, G. B. Halsted, C. S. Howe, W. W. Beman, J. A. 
Brashear, J. R. Eastman, Ormond Stone and E. B. Frost, 
together with the president and the secretary ; member of the 
general committee, Philip Fox. The following mathematicians 
and astronomers were elected by the Council to fellowship in 
the Association: Luigi d’Auria, G. E. Fisher, B. F. Groat, 
Edward Kasner, G. W. Littlehales, and F. L. O. Wads- 
worth. 
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The vice-presidential address for Section A, by Professor G. 
B. Halsted, was upon the subject “The message of non-eucli- 
dean geometry.” It will be published in Science. 

The following list of the papers presented does not include 
those of the Astronomical and Astrophysical Society and of the 
Chicago Section of the AMERICAN MATHEMATICAL SocrETY 
which were read at the joint sessions of these societies and 
Section A. 

(1) Professor G. B. Hatstrep: “A new treatment of 
volume.” 

(2) Mr. E. L. Hancock : “ Lines on the pseudosphere and 
the syntractrix of revolution.” 

(3) Professor G. W. Hovueu: “On the rotation period of 
the planet Saturn.” 

(4) Dr. Epwarp Kasner: “An extension of the group 
concept.” 

(5) Mr. E. L. Larkin: “ Facilities for astronomical pho- 

raphy in southern California.” 

(6) Mr. L. 8S. McCoy: “ Coincident variations.” 

(7) Professor G. A. MrLLER: “On the generalization and 
extension of Sylow’s theorem.” 

(8) Professor C. D. Perrine: “The supporting and coun- 
ter-weighting of the principal axes of large telescopes.” 

(9) Mr. J. J. Quinn: “A linkage for describing the conic 
sections by continuous. motion.” ; 

(10) Mr. T. R. Runyine: “Circles represented by p*P 
+ MuR + NS=0.” 

(11) Professor Davin Topp: “ A new type of transit-room 
shutter.” 

In the absence of the authors the papers by Mr. Hancock, 
Dr. Miller, Professor Perrine, Mr. Quinn, Mr. Running and 
Professor Todd were presented in outline by the secretary. 
The papers by Dr. Kasner and Mr. McCoy were read by title. 
Dr. Miller’s paper will soon be printed in full in the American 
Mathematical Monthly. Abstracts, as far as available, of such 
of the above papers as deal with mathematical subjects, are 
given below. 


1. Professor Halsted quotes from Poincaré’s review of Hil- 
bert’s Grundlagen der Geometrie as follows : 

“The fourth book treats of the measurements of plane areas. 
If this measurement can be easily established without the aid 
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of the principle of Archimedes, it is because two equivalent 
polygons can either be decomposed into triangles in such a way 
that the component triangles of the one and those of the other 
are equal each to each, or else can be regarded as the difference 
of polygons capable of this mode of decomposition. But we 
must observe that an analogous condition does not seem to ex- 
ist in the case of two equivalent polyhedrons; so that it be- 
comes a question whether or not we can determine the volume 
of the pyramid, for example, without an appeal more or less 
disguised to the infinitesimal calculus. It is, therefore, not 
certain that we can dispense with the axiom of Archimedes in 
the measurement of volumes. Moreover, Professor Hilbert has 
not attempted it.” 

Professor Halsted, in his paper, attacks the problem in the 
following manner : 

The product of an altitude of a tetrahedron by the area of its 
base is the same whichever of the four faces may be chosen as 
base. This product is, therefore, a “ natural invariant” of the 
tetrahedron and may be designated as its volume, except that 
in. order to adjust the conception to our ordinary numerical 
scale the factor one third is arbitrarily introduced. After de- 
fining a transversal partition of a tetrahedron as one made by 
a plane through an edge and a point of the opposite edge, it 
was shown that, however this solid be cut by a plane, the parti- 
tion can be obtained as a result of successive transversal parti- 
tions, using not more than two other planes. 

The above being explained, it was shown that the volume of 
any tetrahedron is equal to the sum of the volumes of all tetra- 
hedrons which result from any set of transversal partitions. 
This need not be assumed as self-evident, but may be demon- 
strated as a necessary consequence of the so-called “ between- 
ness” assumption with reference to three collinear points. 
Similar principles were deduced for polyhedrons in general, 
and by their use a general theory of volume was built up with- 
out reference to the ordinary notions of ratio and commensur- 
ability. The same méthod of treatment may be applied to 
figures in hyperspace of any order. 


2. In Mr. Hancock’s paper, the lines of the pseudosphere 
are reviewed and those of the syntractrix of revolution studied. 
The latter surface S, is defined as the surface generated by the 
revolution of the curve C, about its asymptote; C, being de- 
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termined by laying off a constant distance d on the tangents of 
the tractrix. 

The geodesic, asymptotic and loxodromic lines on 8, are 
worked out and studied by classifying the surfaces according as 


d= 2, 


c being the constant of the tractrix. When d= 2c it happens 
that the geodesic lines on S, are all real ; while for d < 2c they 
are real or imaginary according as 


| 


« being a constant of integration. 

The loxodromic lines of the syntractrix of revolution are rep- 
resented in the plane by the same system of straight lines as 
represent the loxodromic lines of the pseudosphere. 


3. Professor Hough gives the following account of his recent 
determination of the rotation period of the planet Saturn : 

In 1877 Professor Asaph Hall, then at the U. S. Naval 
Observatory, observed a spot near to Saturn’s equator and by 
its means determined the period of the planet’s rotation: From 
that time on, until the recent opposition, no well-defined spot 
had been visible. On June 23, 1903, however, Professor E. 
E. Barnard, of the Yerkes Observatory, noted a large and dis- 
tinct spot in kronocentric latitude 36°.5. This was observed 
micrometrically on June 27 and July 13. 

Acting upon the request of the author, micrometric observa- 
tions of spots on Saturn were make by Professor 8S. W. Burn- 
ham with the 40-inch Yerkes equatorial. Measurements were- 
secured on July 29 and August 15. From these data the 
“mean” rotation period deduced was 10" 38™ 27°; but the ob- 
servations showed the period to be variable. The value 10° 
38™ 18° + n x 0°.1856 was found to satisfy all the observa- 
tions with a mean error of + 0™.8. In the formula n is the 
number of rotations of the planet counting from the epoch of 
the discussion, June 23, 1903. 


4. The essential property of a group is that its elements form 
a closed system, that is, the combination of any two of the ele- 
ments is equivalent to an element of the system. There arise, 
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however, in different fields of mathematics, systems of elements 
such that the combination of any three (though not of any two) 
is a member of the system. The following are examples of 
such triadic systems: the odd permutations in any number of 
letters, the oo” central symmetries of the plane or the oo* of 
space, the totality of dual or reciprocal transformations, the 
correlations contained in any projective group, the totality of 
conformal transformations of the plane which reverse angles. 
Dr. Kasner investigates such systems from the abstract point 
of view, and, more generally, systems for which the combi- 
nation of any k& (though not of fewer) is contained in the 
system. 

It is proposed to term such a system a closed system of con- 
nectivity k, or more simply, in analogy with the nomenclature 
of the logic of relations, a k-adie system. The ordinary groups 
are identical, of course, with the dyadic systems. A trivial 
example of a k-adic system is that containing as its sole element 
a primitive (tk —1)th root of unity, combination being inter- 
preted as ordinary multiplication. The law of combination 
for the general system is best exhibited by means of its  dimen- 
sional multiplication table. 

The paper discusses in particular the relation of systems 
to groups. No system of connectivity greater than two can 
contain an identical element. If a system contains the inverse 
of each of its elements, as is the case in the examples mentioned 
at the outset, its connectivity must be either two or three ;.so 
that, in addition to the ordinary groups, the only systems hav- 
ing this property are triadic. Furthermore it is possible to 
regard such a triadic system as the half of an ordinary group. 


7. The scope and nature of Professor Miller’s extension of 
Sylow’s theorem can best be explained by quoting his own ab- 
stract of the paper, which reads : 

Let p* be the highest power of p which divides the order of 
a group (G), and suppose that a subgroup (P,) of order p* con- 
tains only one subgroup (P,) of order p* and of a particular 
type. It is proved that the number of subgroups of G which 
are of the same type as P, is of the form 1 + kp and that all 
of these subgroups form a single conjugate set. Hence the 
order of G is of the form p*h,(1 + kp) where p®h, is the order 
or the largest subgroup of G which transforms P, into itself. 
By letting 8 = a we have Sylow’s theorem. When § = a the 
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factor h, is not divisible by p while it is divisible by p for all 
other values of 8. Some simplifications of the proof of Fro- 
benius’s extension of Sylow’s theorem are also considered. 


9. The linkage deseribed by Mr. Quinn is the material em- 
bodiment of the facts set forth in the following theorems : 

If one vertex of a movable pivoted rhombus be fixed in 
position, while the opposite vertex is constrained to move in 
the are of a circle, the locus of the intersection of a diagonal 
(produced) through the other two vertices, with the radius 
(produced) of the circle in which the vertex moves is a conic. 

If the fixed vertex is in the diameter of the circle, and the 
directing radius finite, the locus is an ellipse. If the directing 
radius is infinite and the fixed vertex in the diameter, the locus 
is a parabola. If the directing. radius is finite, and the fixed 
vertex is in the diameter produced, the locus is a hyperbola. 

Modifications of the essential features of this linkage give 
rise to many interesting corollaries involving the geometric 
construction of the conics, their tangents and normals. 


10. In the equation discussed by Mr. Running yp repre- 
sents a variable parameter; LZ, M and N are constants; P, 
Q, R and S represent circles. The equation itself represents 
circles for all values of the parameter. Three circles of the 
system pass through each point of the plane. The locus of the 
centers of the system is a cubic having eight arbitrary con- 
stants. 

There will be a circle orthogonal to the system if any one of 
the circles P, Q, R, S can be derived linearly from the other 
three. There are six point circles in the system, all lying 
upon the locus of the centers. Four circles of the system are 
tangent to any one. Eight pairs of tangent circles have a com- 
mon linear relation connecting their parameters. 

The envelope of the system is 


18 LMNPQRS — 27 N?P*S? + PM’*@R’ 
+ M*PR’) =0; 
which may be written B? = 4AC, where A = I’? — 3PMR, 


B= LMQR— 9PNS, C = M*R? — LQNS. It is shown that 
this is the envelope of w?A + wB + C=0, A, B, C being bi- 


—— 
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circular quartics which are themselves envelopes of systems 
derived from the original circles. 

The envelope of the radical axes of a particular circle and 
other circles of the system is a conic. This conic may be said 
to correspond to the particular circle, and there is such a conic 
corresponding to every circle of the system. The system of 
circles represented by 


MuR+NS=0 


is called the primary system, and the system of conics corre- 
sponding to it in the manner above explained, the secondary 
system: It is shown that the equation of a conic of the second- 
ary system is of the fourth degree with respect to the parameter 
and that, therefore, four conics of the secondary system pass 
through any particular point in the plane. 

The equation of the radical axes of two circles, » and y’, of 
the system is 


F H 
y=Grt 


F and H being of the fourth degree in » and yw’ and G of the 
third degree. It thus appears that there are sixteen sets of 
values of w and y»’ for which this equation represents the same 
radical axis; that is, there are sixteen pairs of circles having 
the same radical axis. Moreover, to these thirty-two circles 
there correspond thirty-two conics of the secondary system, all 
of which are tangent to the same radical axis. 

The paper includes, by way of introduction, a brief discus- 
sion of the equation, 


wP+ MR=0. 


The next meeting of the Association will be held in Philade!- 
phia during the week beginning December 27, 1904, under the 
presidency of Professor W. G. Farlow, of Cambridge, Mass. 
Professor. Alexander Ziwet, University of Michigan, will be 
vice-president of Section A and Professor L. G. Weld, Univer- 
sity of Iowa, will continue to act as secretary. New Orleans 
was recommended as the place of meeting two years hence. 

LarENnas GIFFORD WELD. 


Tue State University or Iowa, 
Iowa City. Iowa. 
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ON A GAP IN THE ORDINARY PRESENTATION 
OF WEIERSTRASS’S THEORY 
OF FUNCTIONS. 


BY PROFESSOR WILLIAM F. OSGOOD. 
(Read before the American Mathematical Society, December 28, 1903.) 


In the early days of the development of the calculus, intui- 
tion and formalism played an important réle. The attempt of 
Lagrange to base the calculus on well defined infinite processes 
was taken up by Cauchy and Abel and carried through by 
these men and their successors. Among the latter the name 
of Weierstrass stands out most prominently. We are in the 
habit of thinking of this work as completed in all its details, 
at least so far as fundamental theorems and processes are con- 
cerned. In the further development of analysis the theory of 
functions of a complex variable is believed to be completely 
arithmetized, and the followers of Weierstrass and Méray point 
with pride to the fact that, when the theory is based on a single 
infinite process, namely that of power series, —the process of 
integration would have served the purpose better, if only one 
infinite process is to be admitted, — that then intuition has been 
completely eliminated. But is this really the case? Consider 
the following theorem. 


THEOREM (A). Let the power series 
(z|a) =o, + ¢,(z —a) +e, (z—af+--- 


define an element of an analytic function and let it be possible to 
continue this element analytically along any path lying in a cer- 
tain finite region. S, inclusive of the boundary ; let S be bounded 
by a single closed curve without multiple points. Then there exists 
a function f(z) which is single-valued in S and has throughout 
S the character of an integral function, i. e., it can be developed by 
Taylor’s theorem at each point of S; and which furthermore 
coincides with the given element 3 (z| a) in the neighborhood of the 
point z=a. 

Proofs of this theorem, or of one substantially equivalent to 
it, are to be found in the treatises that deal with Weierstrass’s 


= 
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theory of functions.* They all depend essentially on geometric 
theorems, frequently not even formulated, the truth of which in 
every case rests on intuition, or rather on analogy, for it is im- 
possible to see what happens in a complicated region bounded 
even by broken lines, and what is really done is to reason by 
analogy from the case of squares and circles and such simple 
figures as these. Now it is a perfectly reasonable point of view 
to take that, because arithmetization has in the past served a use- 
ful end in analysis, it by no means follows that it is desirable to 
carry the method through consistently to the last detail. Thus 
the followers of Cauchy and Riemann, who have based the 
theory of functions on the calculus and thus followed the lines 
of least resistance, may well take the ground that there are more 
important things to do in analysis than to arithmetize the 
geometry of the domain of the independent variables. But for 
a school to take this stand who for puristic reasons are not 
willing to admit the process of integration into the theory of 
functions of a complex variable, appears to be straining at a 
gnat and swallowing a camel. 

We proceed now to a proof of the foregoing theorem in which 
the geometric theorems employed are proved arithmeticaliy.t 

A Lemma.—We define a region o by means of the relations ¢ 


o<a<a, 


where f(x), (x) are single-valued continuous functions in the 
complete § interval o=x=a. The regions o that concern us 
are of three types, indicated by the accompanying figures. 

In Type I, ¢(~) = 0; in particular, f(x) may be constant, 
thus giving a rectangle or square. In Type II, $(x) = Az, 


*Cf. Biermann, Analytische Funktionen, pp. 187-188. Jordan, Cours 
d’ analyse, vol. I, 2d ed., 1893, 346. Harkness and Morley, Treatise on the 
Theory of Functions, 1893, 3 127. 

+ Lest the reader may be on the alert for difficulties which we have avoided 
from the start through a proper choice of our hypotheses, we will say at this 
point that our curves po functions have all the continuity requisite for in- 
tuitional purposes, and that that which is central in our investigation would 
remain unaltered if we were to restrict ourselves to broken lines instead of 
regular curves. But it is just as easy to deal with the latter as with the 
former. The general Jordan curve nowhere enters into consideration, though 
many of our results may be extended to such curves without difficulty. 

¢ The real ‘‘a’’ here used must not be confused with the complex “‘a’’ of 
Theorem (A). 

@ Professor Pierpont proposes the term complete as the English equivalent 
for abgeschlossen. 
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where A is a positive constant. Type III is characterized by 
the relations 


F'(0) = $'(0) =0, 


where furthermore the points of the line y = f’(a)# for which 
0<2=a’' <a do not all lie inside of ¢. More generally 
we admit as regions o all regions obtainable from these three 
types by rotation through + 7/2, reflection, and translation. 


v 


a 
Type I. Type II. Type HI. 


Arithmetically this means regions whose points (x, y). are ob- 
tainable from the points (x’, y’) of a region of one of the above 
types by one of the following transformations : 


where ¢ and 9, independently of each other, take on the values 
+ land —1. The lemma may now be stated as follows. 

Let § be a finite region of the plane, whose boundary consists 
of a finite number of regular closed curves * without multiple points. 
Then it is possible to divide the region S into a finite number of 
regions 

The division is effected by laying down a net-work of squares 
bounded by the lines 


x= m/2", y= n/2", (m,n=0,+1,+2,---), 


* By a regular curve is meant a curve that has a continuously turning tan- 
gent, except possibly at a finite number of vertices, and at these points it 
shall have both a forward and a backward tangent. Such a curve is made u 
of a finite number of pieces, the points of each of which may be sapeenenan 
arithmetically by the formulas r=—/(t), y=9(t), where f(t), 9(t) are, to- 
gether with their first derivatives, single valued and continuous in the com- 
plete ty =tSt, and where furthermore f’(t)* + 9’(t)*>0 in that 
interval. 

The lemma may be stated more generally so as to include the case of 
boundaries which are made up merely of a finite number of (open or closed 
regular curves and which have but a finite number of multiple points and. 
points of intersection. 


: 
fot x 
oO 
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where » denotes a positive integer. If the bounding curves 
have no vertices, only regions o of Type I are needed. An 
arithmetic proof of this lemma will be found in the writer’s 
forthcoming work on the Theory of Functions. * 

Proof of ‘Theorem (A) for a Region «. Consider the region 


0<2<a, 0<y¥<f(z) 


and the path'T consisting of a broken line joining the points 
(0, 0) and (&, 7) of 


Let the hypotheses of Theorem (A) be fulfilled for the region 
o and let a be the point z=x+yi=0. Then the element 
$8(z|a) can be continued analytically along 'T to the point 
¢=£-+ mi and thus a single-valued function /(f) is defined 
throughout ¢. That this function is developable by Taylor’s 
theorem at every point of o can be shown at once by the ordi- 
nary methods of the theory of functions. In particular it fol- 
lows from this, result that if 8(z|a@) be continued analytically 
round the complete boundary of o, this element will come back 
to its initial value. We note that if' a had been any other 
point of the boundary of o, a similar determination of the func- 
tion f(z): would have been possible. Fora region o of Type 
II or III the process is precisely similar. 

An Intermediate Theorem. — We will next show that, under 
the conditions of Theorem (A), the element $8(z|@), when con- 
tinued analytically round the boundary of ‘S, comes back to its 
initial value. Let a be a point of the boundary and divide S 
according to the lemma into a finite number of regions «. Let 
a, be one of these regions, on the boundary of which a lies; 
suppose a is at a corner of ¢,. We will first sketch the proof 
and then fill in the details. 

Let S, be the part of S that remains when o, is taken away. 
Since (z|a) comes back to its initial value when continued 
analytically round the boundary of ¢,, it follows that. it comes 
back to the same value when continued round the boundary 
of S, as when continued round the boundary of S. Now repeat 
the step, proceeding with S, just as a moment ago with S. The 


* Allgemeine Funktionentheorie, B. G. Teubner’s Sammlung von Lehr- 
biichern auf dem Gebiete der mathematischen Wissenschaften u.s.w. 


| 
| 
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new ~— S, will consist of two regions o fewer than S. And 
so on. inally only asingle region o will remain. But for this 
region $a) will come back to its initial value, when con- 
tinued analytically around the boundary, and thus the theorem 
is proved. 

Turning now to the development of the details of the proof 
just sketched, we will first make sure, by choosing the regions 
o small enough, i. e., by taking » so large that the squares of 
the net-work will be small enough — I say, we will make sure 
that the boundary of each region o abutting on the boundary 
of S has but a single arc of its boundary in common -with the 
latter boundary.* Furthermore, ifc,, ,, - - -, 7, denote the p re- 
gions o of this latter class, then » shall aloo be so large that o; 
abuts only on ¢,_, and ¢,,,, but on no other ¢,,k =1,---p. 
That the removal of o, from S leaves a connected region 8, fol- 
lows from the theorem + that a cross-cut divides a region at 
most into two regions, and from the fact that the portion of the 
boundary of ¢, not + lying in the boundary of S forms a cross-cut 
of S. Leta,,- , be next removed, thus leaving S_,. Pro- 
ceeding now to 3 remove from S,_, a region o, which of course 
cannot be o,, we may find that __ ae thereby falls asunder. 
Nevertheless, by a suitable choice of o%, such an event may 
always be avoided. Suppose there are points (a, y) in S__, for 
which x, for example, i is greater than it is for the points 0} of o,. 
Let X be the maximum value of x on the boundary of S,_ , and 
consider the points (X, y) of this boundary. Let Y “be the 
maximum value of the y’s here entering. Then the square of 
S__, whose vertex is at (X, Y) has at least two adjacent sides 
pertaining to the boundary of S__,, and hence its side or sides 
not pertaining to this boundary form a cross-cut of § This 
square may, therefore, be chosen as the desired o°. j farther 
details of the arithmetization are so obvious that they may be 
left to the reader without comment. The proof of the inter- 
mediate theorem is now complete. 

Proof of Theorem (A) for the Region S.— Finally we proceed 
to spread out a function f(z) single-v alued throughout the whole 
region S (inclusive of the boundary), developable by Taylor’s 


* This is, in fact, the way the regions ¢ are chosen in my proof of the lemma. 
Each region ¢ consists of a square, a part of a square, or at most a part of two 
squares of the net-work. 

} For an arithmetic proof of this theorem cf. Mr. L.D. Ames’s paper, 
which appears in the current volume of the BULLETIN. 
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theorem at each point of this region, and tallying with P(z|a) 
in the neighborhood of the point a. For this purpose choose 
a point a, on the boundary of the region a, (i = 1, 2, -- -); a, will 
then lie on the boundary of S;_, or of S, Connect a, with a 
by a curve G,, consisting of either part of the boundary of S,_, 
or 8, intercepted between a anda, Continue $(z|«) analyt- 
ically along ©; to a, and then define in o, a function f(z) as set 
forth above. Let Z be a point of the common boundary of ¢, 
andc,,,. Then I say 
= 


For, join a; with Z by a curve T, lying in o; and meeting the 
boundary of o, only in a; and Z;* construct similarly +. 
Then the four curves ©, T,, T,,,. ©,,, constitute a closed 
curve without multiple points, or else a finite number of such 
curves connected together either at isolated points of intersec- 
tion of ©, and G,,,, or by lines common to both ©, and G,,,.¢ 
The interior of each of these curves lies within S and hence all 
the conditions of Theorem (A) are fulfilled for it. By virtue 
of the result above established ${(z|a), when continued round 
‘it, comes back to its initial value, and hence we infer without 
difficulty that f(Z) =/f,,,(Z), Q.E.D. 

The totality of the functions f(z) thus defined constitutes, 
therefore, a function f(z) single-valued and developable by 
Taylor’s theorem in all points of S, and identically equal to 
$(z| a) in the neighborhood of the point a. This is precisely 
the-function f(z) demanded by the theorem. 

Further Theorems of Analisis which rest on Intuition.—In 
conclusion I desire to mention two or three further theorems of 
analysis which have hitherto rested on intuition. The first of 
these is the following: Let S be a finite region of the plane 
bowinded by a single regular curve C without multiple points. Let 
O be a point of the plane not lying on C; le P, be a fixed point 
and P a variable point of C. Le 0 denote the angle P,OP. 
Then, when P traces out C, the function 0, varying continuously, 
comes back to its initial value when O is outside of C, and increases 
by 2a or — 2a when O lies inside C.t 


* If, in partic ular, Z should pen to lie on G;, then no curve I’; is neces- 
sary, the are G;, I; being merely by so much of as lies between 
aand 4. 

+A further ial case is. possible, in which rio closed curves present 
themselves, a and Z being connected by a single line. 

t For an arithmetic definition of the angle 9 and for an arithmetic proof of 
this theorem cf. Mr. Ames’s paper above referred to. 


300 A GAP IN WEIERSTRASS’S THEORY. [ March, 


A further theorem is one whose proof may be given by the 
same method as that employed above for Theorem (A), namely : 
Let § be a finite region bounded by a single regular closed curve, 
and let P, Q be two functions, single-valued and continuous 
throughout ‘the interior and boundary of S and having respectively 
continuous partial derivations P, and Q, at all interior points. 
Then a necessary and sufficient condition that the value of the 


integral 
Pdzx+Qdy, 


(a, 
taken along any path lying in S, be independent of the path is thut 
oP 
Oy On 

In line with the arithmetic proofs here considered is the 
arithmetic definition of the Riemann’s surface. Here the ele- 
ment is not the point z or (x, y), but the triple (x, y, n), where 
mis an integer. On the foundation of such a definition the 
analysis situs of the algebraic Riemann’s surface * can be built 
up in an entirely rigorous manner—a problem which lies in 
the field in which Mr.. Ames is now working. 

Finally I will mention the following theorem: Let T be any 
plane continuum.t Then there exists a set of continua T,, T,, - --, 
each of which is made up of a finite number of squares and 
which are so constituted that (a) each contains its predecessor 
and (b) an arbitrary point of T ultimately comes to lie within one 
(and hence within all later ones) of these regions. The proof of 
this theorem does not involve the theorem that a simple closed 
curve divides the plane into two regions, or the other theorems 
mentioned in this paper, whose proofs have hitherto rested on 
intuition. If it is possible, without these theorems, furthermore 
to show that in case 7 is finite and is bounded by a single 
curve, the regions 7, may also all be so chosen that their 
boundary consists of a single curve, then Theorem (A) may be 
proven without the use of these theorems. 

We have not attempted to make a complete enumeration of 


*I mean the theory laid down by Riemann in his dissertation and his 
— on the Abelian To and set forth by Neumann in his Abel’sche 

tegrale, 2 ed., 1884, ch. 

ti. ¢., a set of oes in ‘y) ‘such that (a) every point of the set is an in- 
terior point and (6) any two points may be connected by a regular curve 
lying wholly in the set. 
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the theorems employed in analysis which rest on intuition and 
analogy. Thus no mention has been made of the theorem re- 
quired to justify the ordinary use of the inner normal. But 
the theorems we have stated are sufficient to show in what 
direction further proof is necessary if the fundamental theorems 


of analysis are really to rest on an arithmetic basis. 
Harvarp University, 
CAMBRIDGE, MASSACHUSETTS, 
December, 1903. 


ON THE THEOREM OF ANALYSIS SITUS RELAT- 
ING TO THE DIVISION OF THE PLANE OR 
OF SPACE BY A CLOSED CURVE 
OR SURFACE. 


BY MR. L. D. AMES. 
(Bead before the American Mathematical Society, December 29, 1903. ) 
1. The Theorem for the Plane. 


JORDAN has proved* that a simple ¢ closed plane curve di- 
vides the totality of the points of the plane not on the curve 
into an interior and an exterior region. He assumes the theo- 
rem for the polygon. For the regular curve ¢ we here give a 
simple proof which goes back to fundamental principles, in- 
cludes the polygon as a special case, and can be extended to the 
analogous theorems in more than two dimensions. 

In two dimensions the method is as follows: Let a point be 
conceived as a number pair, the plane as the totality of such 
points, and a curve as an assemblage of points defined by one 
or more equations. The fundamental conception on which our 
proof rests is that of the order of a point. The order is a point 
function, uniquely defined for every point of the plane not 
lying on the curve, and its value is always an integer, positive, 
negative or zero. Before proceeding to this definition we will 
first define the angle @ from the line 

* Jordan, Cours d’ Analyse, 2d ed. 1893, vol. 1, 23 96-102. 

TA — curve shall be defined as a continuous curve without multiple 
points, and a regular curve asa continuous curve such that the portion join‘ng 
any two points of the curve consists of a finite number of pieces, each of which 


is simple and has a continuous tangent at all its points, inclusive of its ex- 
tremities. Similarly for surfaces. 


| 

| 
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y=at+b,, r=at+b,, (4=tSt), 
to the line 
yaat+h, 


as any simultaneous solution of the equations 


a, —4,| 
aq, 


where « is the positive number « = (1/q? + a3- Ya;? + a,)-'. 
Let a closed curve be defined by the equations 


y= 


where ¢ and ¥ are continuous functions of ¢ having the primi- 
tive period a, 
9), Y¥(t+o)= 
Let O be any fixed point not on the curve, and let P, and P 
be a fixed and a variable point respectively, both on the curve. 


Let 6(¢) be such a determination of the angle P,OP that it is 
a continuous function of the parameter ¢ of the point P. Then 


+ w) = + 2nz, 


where nis a positive or a negative integer, or zero. This num- 
ber n I define as the ORDER of the point O with respect to the curve. 
The absolute value of n is independent of the position of P,, 
or of any consist2nt choice of the parameter. The sign of n de- 
pends only on the choice of the parameter ¢. This choice cor- 
responds arithmetically to the geometric sense in which the curve 
is described. The points of the order of a given point can be 
shown to form one or more continua. 

THEOREM. A simple regular closed plane curve divides the 
totality of the points of the plane not on the curve into two con- 
tinua, of each of which the curve is the total boundary. 

The proof is given by the aid of two lemmas. The first as- 
serts that, in any region about a simple point of a regular closed 
plane curve (with or without multiple points), there are two 
points of two orders differing by unity, and it is shown that a 
continuous curve joining them must cut the given curve. 
From this it follows that the points of the plane not on the 
given curve form at least two continua. 


| 
|a, 4, | 
snOd=«; , (|, 
}@, | | 
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The second lemma asserts that, if a simple regular curve 
(with the possible exception of one or both of its extremities, 
in case it is not a closed curve) lies within a region R, then 
the totality, R-, of points of FR not on the curve forms at most 
two continua ; if at least one end point of the curve is interior 
to R, the points of R- form one continuum. This is proved 
first for a curve which can be represented by the equation 


y = (2), (4 =2>2,), 


where ¢(x) and ¢'(x) are single-valued and continuous, by 
showing that any point of R- can be joined to one of two pre- 
assigned points in R~ by a continuous curve in R-. This is 
done by the aid of a neighborhood of an arc of the given curve, 
which is divided by the curve into two continua. If an end 
point of the curve is interior to R, these can be joined into one 
continuum. If the whole regular curve lies in a finite region, 
it can be divided into a finite number of such parts, which are 
thought of as constructed successively, and the lemma is shown 
to be true at each stage. If the curve is infinite, it is sufficient 
to consider three arbitrary points in R~ and a suitable finite 
portion of the curve. Thus the lemma is extended to the 
whole curve. If, in particular, R bé taken as the whole plane, 
it follows that the points of the plane not on a given regular 
simple curve form at most two continua. It is then shown 
that every point of the curve is a boundary point of each region, 
and that every boundary point of either region is a point of 
the curve. This proves the theorem. 

The order of an exterior point is 0, that of an interior point 
is +1. Hence we have obtained an arithmetic proof of the 
following theorem, which we state for greater clearness in geo- 
metric language: When P describes the simple regular closed 
curve C, the angle 0 comes back to its initial value when O is an 
exterior point of C, and increases by 2x or — 2x when O is an 
interior point. 


2. The Corresponding Theorem for Surfaces. 


Consider any finite surface R in space of three dimensions. 
Let R’ be a region of the surface whose boundary C’ is a 
single simple closed curve which divides the surface into two 
or more regions. Define the positive sense of this boundary 
arbitrarily. Let R” be any other such region whose boundary 
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is C”. Draw curves which, together with C’ and C”, divide 
R into mutually exclusive regions R, (i= 1, 2, 3, ---) each 
bounded by only one simple closed curve C,, where C, divides 
R into two or more regions. If it is then possible to define the 
positive sense for each of these boundaries so that, when each 
boundary is traced in the positive sense, each segment common 
to two of the curves C, will have been traced once in one direc- 
tion and once in the other, the surface is said to be bilateral.* 
The present discussion is confined to bilateral surfaces. When 
the positive sense of the boundaries of the regions R, is thus de- 
fined, the positive sense of the boundary of R” is defined to be the 
same as the positive sense of the boundaries of the‘region or 
regions FR; of which the boundary of R” consists, in so far as 
these boundaries coincide. Thus the positive sense of any 
simple closed boundary of a region on the surface is defined, 
and by means of this definition the positive normal is defined 
wherever it exists. 

Let O be any point not on the surface. Refer the surface to 
a system of spherical codrdinates with origin at O. Let R be 
any region on the surface, and let its boundary be the curve C 
whose equation is $6 = f(@). If R does not have points on 
both the positive and negative polar axes ¢ = 0, r>0, and 
¢ = 7, r> 0, define the solid angle @(O, R) subtended by R 
at O as follows: 


@(0, R) = (cs + 1)d8, 


where the upper sign is used if R and C have no point on the 
positive polar axis ¢ = 0, r > 0, and where the lower sign is 
used if R and C haye no point on the negative polar axis $= 7, 
r> 0. Both signs yield the same value when £ has no point on 
the polar axis @=0. Any region FR can be divided into parts 
R,, each falling into one or both of these classes, and @ (O, R) is 
then defined as £@(0, R,). The solid angle is thus uniquely 
and consistently defined. The order of a point in two dimen- 
sions is a limiting case as the point O approaches the plane. 
The solid angle is susceptible of an algebraic sign, and is con- 
tinuous for all positions of O not on the surface. The spheri- 
cal excess of a region on the surface of a sphere, and of the 
corresponding solid angle, is defined as the limit of the spheri- 


* Cf. Modbius, Gesammelte Werke, vol. 2, p. 477. 
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cal excess of the inscribed polygon. By subdividing the re- 
gion by meridians and parallels, and allowing the subdivisions 
to approach zero, the solid angle is shown to equal the spheri- 
cal excess. 


If Ris a closed surface, 
@(0, R) = 


where n is a positive or negative integer, or zero. The number 
n is defined as the ORDER of the point O with respect to the surface. 
The order of O with respect to a closed surface is equal to the 
order of O with respect to a plane section through O, when this 
is defined. The remainder of the proof that a simple regular 
closed surface divides space into two continua, of each of which 
the surface is the total boundary, is similar to that in two 
dimensions. The method here used is equally applicable to 
space of n dimensions. 
UnIvErsiTy OF 
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Legons sur la Propagation des Ondes et les Equations de l Hy- 
drodynamique. Par JacQqUES HADAMARD. Paris, A. Her- 
mann et Fils, 1903. xiji + 375 pp. 


In handling mathematics and especially mathematical phys- 
ics, in which the data are never quite so extramundane as in 
some branches of pure mathematics, there are two things which 
serve to determine the correctness of results. One is intuition ; 
the other, rigorous accuracy in analysis. The great investi- 
gator like Gibbs, even when dealing with such.critical ques- 
tions as arise in statistical mechanics, never has need of epsilons 
and deltas to insure the results against error. There are others 
of us however to whom the rigorous proof is more convincing 
and even necessary to conviction. Furthermore, as one pro- 
ceeds from the more evident to the more refined phenomena of 
physics, the need of exact demonstrations becomes constantly 
greater. M. Hadamard has shown us in the Transactions * an 
example of what may be obtained from the critical rigorous 


* Vol. 3 (1902), pp. 401-422. 


, 1903. 
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treatment of the theory of vibrating elastic plates. In his 
most recent werk, Legons sur la propagation des ondes, he 
treats the more general problem of waves in any medium and 
of sound waves in particular. A first notice and résumé of the 
work was inserted in the Bulletin de la Société mathématique de 
France in 1901 under the title “ Sur la propagation des ondes.” 
Later Appell in the third volume of his Traité de mécanique 
rationnelle, pages 296-318, treated the elements of the theory, 
and to this presentation we may refer those who would have a 
first glimpse into the kinematic part of the subject. 

When one thinks of it, the wonder is that the processes of 
strict mathematical rigor are at all applicable to physics. The 
atomic structure of matter renders the exact application of epsilon 
proofs impossible. That which takes place in reality in the 
evaluation of most physical quantities is not unlike the behavior 
of those divergent series which appear to converge for a certain 
number of terms and which up to that point give closer and 
closer approximations to the value desired but afterwards di- 
verge rapidly from it. Yet so fine is the structure of matter 
that the errors made in applying those methods which would be 
strictly applicable to a continuous distribution are not many nor 
large. It is only in such delicate effects as those connected 
with the dispersion of light that the discontinuities in structure 
become evident. 

In 1860 Riemann published a memoir entitled “Ueber die 
Fortpflanzung ebener Luftwellen von endlicher Schwingungs- 
weite,” in which he signalized the existence of waves of discon- 
tinuity. By a wave of discontinuity is meant a surface moving 
through the medium and such that the coordinates of the 
points of the medium or their derivatives of some orders ex- 
perience abrupt changes in value when passing from one side 
of the surface to the other. In 1877 Christoffel took up this 
work in the Annali di Matematica and generalized it to three 
dimensions, limiting himself on account of analytic difficulties 
to the case of waves of infinitesimal discontinuity of the velocity 
(waves of percussion, ondes de choc). Later, 1885-7, Hugo- 
niot without the knowledge of the work of either of these math- 
ematidians investigated the subject, found most of the results 
of his predecessors, rendered more precise the idea of compati- 
bility in the case of plane waves, and introduced numerous 
improvements. Now Hadamard in the treatise before us ex- 
tends these results to their practical completion. Incidentally 
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he has given us a large number of accessories either entirely 
new or worked out better than in previous presentations. The 
work covers the ground of his lectures at the Collége de France 
during the years 1898-1900. Although the present imperfect 
state of our knowledge forces the author to leave certain points 
for future investigations, we may rest assured that the work as 
it stands is quite up to date including, in addition to the 
author’s personal contributions, much that has been published 
in the years which have intervened between the date of delivery 
of the lectures and their publication. 

In the subject of harmonic functions, Green’s functions, and 
their determination from given boundary conditions, three dis- 
tinct problems must be recognized. First is the problem of 
Dirichlet to determine a harmonic¢ function V when given the 
value of V at all points of the boundary (and its behavior at 
infinity if the domain of the function is exterior to the bound- 
ing curve or surface upon which the values of V are given). 
Riemann indicated the method of establishing the existence of 
the solution and numerous subsequent authors have filled in 
the details. The .sécond problem rather than the first concerns 
the motion of fluids. In this case are given not the values 
of the function V but those of its normal derivative dV/dn 
over the boundary in question. For the existence of the 
solution of this so-called problem of Neumann, Lord Kelvin 
has indicated a proof analogous to that given by Riemann for 
the former problem. Numerous objections, however, may be 
advanced. The third problem, which Hadamard calls the 
mixed problem, is that which occurs most frequently in the 
theory of fluids whether real or fictitious like heat. Here the 
values of dV/dn — k’v, where k varies from point to point on the 
boundary, are given. In particular the value of V may be 
given for part of the boundary and the value of the derivative 
dV/dn for the rest. 

In the first chapter of 57 pages the author gives an excellent 
detailed exposition of the problem of Neumann, the solution 
of which is less perfected and less widely known than that of 
Dirichlet’s problem. The case of the plane and that of space 
are separately taken up. A modification of the function of 
Neumann is introduced and applied to effecting the solution of 
the problem in the cases of one sphere and of two concentric 
spheres. It is shown at the close that no considerations analo- 
gous to those by which the problem of the spheres has just 
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been solved will apply to other surfaces and hence other meth- 
ods must be invented. As to the mixed problem, very few 
results are known. With the statement of these the subject is 
left. 

The second chapter, which is 71 pages in length, deals with 
waves from the standpoint of kinematies. Here Hadamard in- 
troduces three material improvements over the work of Hugo- 
niot : first, by carefully separating from the kinematic part the 
dynamic part which depends on the physical properties of the 
medium ; second, in rendering precise the idea of compatibility 
for motions whether plane or not; third, by the remarkably 
simple geometric interpretations which he gives to the analysis. 
The greater part of the work is his own investigation. The 
importance of the subject and the fact that Hadamard’s prede- 
cessors have been so completely disregarded by mathematicians 
the world over demand of this review a rather long summary 
of the ideas which lie at the basis of the present work. 

Let a, b, ¢ be the codrdinates of the points in the mediym 
chosen with reference to some initial position and remaining 
unalterably attached to their respective points during all the 
motion. Let x, y, z be the codrdinates in space of these same 
points at any instant ¢. We have 


2, y,z=F, F, F, (a, 6, ¢; 2). 


The impenetrability of matter affords the condition that, given 
a set of values for x, y, z, the three equations must admit of a 
singly determinate solution for the codrdinates a,b,c. The 
further supposition is made that z, y, z are in general continu- 
ous and differentiable with respect to the four variables a, 6, c; t. 
From the purely physical side this latter assumption is by no 
means obviously justifiable ; but it is found to give a sufficiently 
good account of the phenomena. It may be noticed that to in- 
troduce a discontinuity with respect to ¢ itself corresponds to 
an abrupt-change in position and a consequent infinite ratio be- 
tween the force and the mass. The same is true if there be a 
discontinuity of finite magnitude in the derivatives with respect 
tot. The explanation of the fact that a surface of discontinu- 
ity of the velocity may exist without infinite forces is that the 
mass in the surface at any instant is vanishingly small. To 
introduce a discontinuity with respect to a, b, c and thé corre- 
sponding derivatives is exactly what the physical properties of 
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the fluid are constantly doing by the process of diffusion. But 
as the rate of diffusion is very small with respect to the rate 
of propagation of the wave of discontinuity the conditions 
imposed by Hadamard upon the functions F,, F,, F, may be 
accepted. For example, as a corollary of these assumptions 
if a portion of the fluid be once in contact with the wall of the 
containing. vessel it must remain always in contact with it. 
From the point of view of the kinetic theory of gases this is 
the grossest sort of untruth when we fix our attention upon any 
individual molecule. If, however, we consider the molecules 
near the wall in their totality we see that several seconds would 
be required for them to diffuse away by so much as a few cen- 
timeters into the surrounding gas, whereas the waves of dis- 
continuity are propagated off with a speed 10,000 times as 
great. 

The author regards the stretched shear as a fundamental dis- 
placement. In the shear proper all points are displaced in the 
same direction, parallel to the fundamental or fixed plane, and 
by an amount proportional to their distance from that plane. 
In the simple stretch the points move normally to the fixed 
plane by an amount proportional to their distance from the plane. 
In the stretched shear all points move parallel to a certain 
vector by an amount proportional to their distance from a given 
fundamental plane. If a surface instead of a plane be fixed 
identically and if the displacement be otherwise arbitrary, the 
same statement may be made concerning the-first order part of 
the infinitesimal displacements in the immediate neighborhood 
of any point of the surface. If f(a, b, c) = 0 be a surface which 
remains fixed point for point, and if at the point a°, 6°, c° the 
first non-vanishing. derivatives of z, y, z with respect to a, 6, ¢ 
are of the nth order, then the deformation. in the neighborhood 
of a’, 6°, & is said to be of the nth order. Hadamard shows 
that in this case also the principal part (which is of the nth 
order) of the displacement may be represented by a vector 1, 
parallel to which the displacement takes place and by an 
amount D*/n! 1 proportiona! to the nth power of the distance 
from the surface. 

Omitting the short treatment of the classic results congern- 
ing velocities and vortices in fluids, we come to the subject of 
discontinuities. Suppose that ® is a function of x, y,z; a,b, ¢; 
t and of the derivatives of all orders of x, y, z with respect to 
a, b,c; t. Furthermore suppose ® and its derivatives with 
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respect to a, b, c; ¢ are in general existent and continuous. 
Let S be a surface of discontinuity such that the function in 
question and its derivatives approach definite values when the 
point for which they are evaluated approaches the surface S 
from either side, but suppose those values to be different upon 
opposite sides of S. It is shown that if ®, and ®, be the 
values of the function on the two sides of the surface, then the 
formula for the total differentials of ®,; and ®, along the sur- 
face. apply as if there were no discontinuity. Further if the 
derivatives of the nth order of ® with respect to a, 6, c are the 
first which exhibit the discontinuity, the changes which these 
derivatives experience are proportional to the values of the 
corresponding nth order derivatives of the function f(a, b, c) 
= 0 which represents the surface. To apply this to the study 
of the motion of any medium the function ® is taken to be any 
one of the derivatives of x, y, z with respect toa, b,c; t. The 
order of the discontinuity is the order of the derivative of 
lowest order exhibiting a discontinuity. The index of any de- 
rivative is the order of the derivation- with respect to ¢ in that 
derivative. Thus in the consideration of a discontinuity of the 
nth order derivatives of index 0, 1, 2,---, » occur. The 
author shows that completely to determine a discontinuity of 
the nth order there are required n+ 1 vectors 1, L, ---, 1, of 
which any one 1; serves to determine the changes in the de- 
rivatives of index i. 

At this point the fundamental notion of compatibility is in- 
troduced. Let the equation of the surface of discontinuity 
referred to the medium itself be f(a, b,c; t)=0. In case the 
variable ¢ does not occur, the discontinuity will always affect 
the same molecules and is called stationary even though it may 
and in general will change its position in space. That the two 
motions on the two sides of a stationary discontinuity be com- 
patible it is evidently necessary that the normal components of 
the velocity, the acceleration, and all the accelerations of higher 
order perpendicular to the surface f= 0 be the same upon 
both sides of the surface. Otherwise either the Jaw of im- 
penetrabilility will be violated or the medium will separate 
along. the surface, leaving cavities between the two portions of 
the medium. In case ¢ does occur in the expression for f, the 
surface will at successive instants of time affect different mole- 
cules. Such a surface will be called a wave of discontinuity or 
simply a wave. For waves the condition of compatibility is 
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that the wave surface rest unique. This amounts to establish- 
ing a relation between the vectors 1, 1,, ---, 1, and the velocity 
of propagation 6. The author finds. that the necessary and 
sufficient kinematic conditions of compatibility are given by the 
equations 

In addition to these there are in any given medium dynamical 
conditions of compatibility to be imposed upon the vector 1 and 
the rate of propagation 8. The velocity of the propagation of 
the wave in space is 0 + v, where v, is the component of the 
velocity of the molecules perpendicular to the wave surface. 

From the kinematic point of view we have associated with 
a wave the vector 1, the unit normal n perpendicular to the 
wave front, and the velocity of propagation 9. The ratio of 
two successive densities or the first non-vanishing derivative of 
that ratio contains as a factor the scalar product 1-n of the 
vectors land n. The variation of the curl or the double of the 
molecular rotation is 91x n, the product of the velocity of prop- 
agation into the vector product of linto n. The wave of dis- 
continuity is said to be-longitudinal if 1 and n are parallel ; 
transversal if 1 and n are perpendicular, that is if the discon- 
tinuity vector lies in the wave front. From this it follows that 
a longitudinal wave does not affect the curl ; nor a transversal 
wave, the density (divergence). A short treatment of the effect 
produced by a discontinuity of order n upon the derivatives of 
order higher than n closes this remarkable chapter. 

After this elaborate discussion of the kinematics of the prob- 
lem, follows a short chapter of 14 pages containing the formu- 
lation of the dynamic problem in case of fluids whether liquids 
or gases. Passing over the establishing of the equations of 
motion and the discussion of the physical equation which con- 
nects the pressure, temperature, and density, we come to the 
essential idea underlying the whole work. The motion of a 
fluid is determined by three sets of data: first the equations of 
motion, second the initial conditions which state the. positions 
and velocities of the particles at the initial instant t = ?, third 
the boundary conditions which include the motion of the walls 
of the containing vessel and the pressure p at all points of the. 
free surfaces. In the case of liquids these conditions allow us 
to calculate the value of dp/dn at every point of the containing 
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vessel. If there are no free surfaces the problem of the solu- 
tion becomes the problem of Neumann which was treated at 
length in the first chapter. If there are free surfaces we-have 
the “mixed ” problem concerning which little more is known 
than that it has a unique solution provided the solution exists. 
The results arising from discontinuities in the given conditions 
are taken up in the fifth chapter. In the case of gases matters 
are far different. The given conditions are redundant or con- 
tradictory. For on the assumption that the temperature is con- 
stant or known, the relation connecting the pressure and the 
density may be solved so as to give the pressure in terms of the 
density. The initial positions of the molecules determine the 
density, and hence the pressure at each point of the gas includ- 
ing of course the points in contact with the walls. The accel- 
erations may therefore be computed from the dynamical equa- 
tions. On the other hand the accelerations of the points in 
contact with the walls are among the arbitary given conditions. 
These accelerations are in general different and hence a contra- 
diction arises. For example, in the case of small rectilinear 
motions in a gas we obtain with Riemann the equation 


d*x da:* 


The first member of the equation states the value of the arbi- 
trary acceleration which we choose to impart at the initial time 
to the wall of the vessel. The second member depends solely 
upon the interior state of the gas at that initial instant. These 
cannot usually be equal. The apparent contradiction is ex- 
plainable by the fact that at the initial instant a wave of dis- 
continuity of the second order leaves the wall and is propagated 
into the interior of the gas. 

This whole subject of the rectilinear movement of a gas is 
discussed to the length of 82 pages in the fourth chapter. The 
author reproduces with important changes, comments and addi- 
tions the work of Riemann and Hugoniot. His unusual ana- 
lytic proficiency enables him to connect in a wonderful manner 
the physical problem of the propagation of waves and the mathe- 
matical problem of Cauchy concerning the characteristics of 
partial differential equations of the second order. We pass by 
the work on differential equatioris and give in résumé some of 
the interesting properties of the waves. Suppose the gas con- 
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fined to a cylindrical tube into which is fitted a movable pis- 
ton. In general at no instant will there be compatibility be- 
tween the interior conditions and the motion of the piston, and 
hence at each instant a wave of the second order, that is a wave 
of discontiuity of the acceleration, will be sent off. This wave 
is propagated with the velocity of sound. Now if the piston is 
driven along with an acceleration the consecutive waves will 
overtake each other and will produce a phenomenon much like 
that we see when a boat is driven rapidly through the water. 
The little waves running out from the bow overtake each other, 
pile up and break at the distance of a few feet from the bow. 
To return to the case of air, let us suppose that for a certain 
interval of time prior to the instant ¢, the acceleration of the 
piston has been so chosen that the waves of the second order 
shall come together at the time 7. At the instant ¢, let the 
acceleration of the piston be diminished so that from that time 
on the waves will cease to overtake each other at the time 
T. There will then arise at the instant T a discontinuity of 
the first order, that is, an abrupt change in the velocity of the 
molecules. The discussion of these waves of the first order 
(waves of percussion or ondes de choc) reveals the. fact that 
they havea totally different rate of propagation from the waves 
of the second order —the rate may be indefinitely great under 
proper circumstances. The results derived theoretically are 
admirably confirmed by the experiments of Vieille (1898— 
1900). By the use of explosives so great an acceleration may 
be communicated to the air that the waves of the second order 
propagated at the velocity of 330 meters per second overtake 
each other in the distance of a few centimeters. The wave of 
the first order which is thus formed is propagated with a veloc- 
ity of over 1,200 meters per second, or about four times the 
velocity of sound. In this connection it is interesting to specu- 
late as to whether in such violent disturbance as thunder that 
first distinctive click which is sometimes heard before the gen-- 
eral body of sound may not be due to a discontinuity in velocity.. 
The following rumble seems to have the characteristics of a 
highly heterogeneous combination of waves. 

At this point is raised the objection of Hugoniot. The law 
of gases which has been assumed is the adiabatic law of Poisson 


Pr 


or 
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(where m is the ratio of the specific heats — about 1.40 in air). 
This law is deduced on the. assumption that the gas is prac- 
tically at rest. From certain physical considerations Hugoniot 
is led to substitute the relation 


(m+ —(m—1) 


(m +1) 


for gases subject to violent motions. The difference between 
these two laws is not great for small differences between p, and 
Pp, But the discussion of the two laws and the comparison of 
the results with those obtained experimentally by Vieille show 
that the lattef gives results much more consistent —in fact. 
quite satisfactorily consistent — with the facts of observations 
now at our command. 

The existence of a wave of the first order gives immediate 
rise to two waves of the second order, one propagated forward 
and the other propagated backward toward the piston from 
which it will be reflected. The result of the reflection of waves 
from the piston and of the intersections of waves moving toward 
the piston with those issuing from it gives rise to a whole series 
of rapidly changing states of the gas. Hugoniot assumed that 
the state obtained in the gas by moving the piston gradually 
from the velocity v = 0 to-the velocity v = V would, owing to 
the repeated reflections and intersections, approach as its limit 
the state obtained by increasing the velocity from v=0 to 
v = V in a sudden impulse. Hadamard proves that at least in 
some cases this is true. The difficulty of the analysis seems 
to be such. as to prevent a proof of the fact in general. 

In the fifth chapter, of only 16 pages, the author passes to 
the consideration of motions in three dimensions, Here the 
analytic difficulties are so great that the real treatment of the 
subject has to be postponed until these are removed in the last 
chapter. Certain general results, however, are obtainable. In 
a gas every wave of the second order must be longitudinal with 
the usual velocity of propagation (dp/dp)*. The transversal 
discontinuities which exist are stationary. In liquids all dis- 
continuities are stationary and transversal. The author makes 
use of this fact to show that the waves of the second order do 
not affect the circulation of the liquid and consequently can 
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have no influence upon the vortices in the fluid —a result of 
prime importance in connection with the theory of von Helm- 
holtz. In Note II at the end of the book the subject is 
continued and the paradox of d’Alembert — that a body may 
move perpendicular to one of its planes of symmetry without 
experiencing any resistance— is treated. In Note III the 
author further shows that waves of the first order do influence 
the vortices and may either generate or destroy them. 

The twenty-two pages of chapter VI are devoted to the study 
of waves in elastic bodies. In case of small vibrations in an 
isotropic body if the equations of motions be written in the form 


=MV-Vr+(L+M)VV-r + F 

we find a longitudinal wave of the second order propagated 
with the velocity of # = (2M +L)/p and a transversal wave of 
which the velocity is ® = M/p. The first causes no change in 
the cur] and the second none in the density. The results are im- 
mediately extensible to non-isotropic bodies such as are encoun- 
tered in the theory of the propagation of light in crystallipe 
media. In the case that the medium undergoes finite distor- 
tions we find that one direction of wave front is capable of prop- 
agating three directions of vibration which are mutually per- 
pendicular in the distorted medium. The waves are in general 
neither longitudinal nor transversal. 

The seventh and last chapter is the longest in the book. It 
contains 87 pages and deals with the theory: of systems of par- 
tial differential equations and their application to the problem 
in hand. It was Beudon, a very promising young French 
mathematician now dead, who in 1897 generalized the theory 
of characteristics to the case of a system of partial differential 
equations in any number of variables. In his last chapter 
Hadamard proposes to develop and fill ‘in this theory and give 
its application to the propagation of waves. Let us state the 
problem in the restricted form in which we use it. Given a 
system of three partial differential equations of the second 
order in the unknowns &, n, and the n variables ~,, - - -, x,. 
The generalization of the problem of Cauchy is this: To deter- 
mine the functions £, 7, € having given the values of these 
functions and those of their first derivatives 0£/Ox,, On/Ozx,, 
0f/0x, with respect to x, on a-surface M,__, of n — 1 dimensions 
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in the space of n dimensions defined by the variables ~,, ~,, - - -, 
z,. The values of the second and higher derivatives may then 
be computed from the differential equations unless the surface 
M ,_, satisfies a partial differential equation of the first order 
and sixth degree, H=0. All surfaces which satisfy this 
equation H = 0 are called characteristics of the given system 
of equations. This equation itself has characteristics which are 
lines M, defined by the system of equations. 


dH/oP, ~ = 


where P,, P,,---, P,_; are the partial derivatives. of x, with 
respect to %,, 2) ...5 taken along the surface M,_,. These 
lines are called bicharacteristics of the original system of equa- 
tions. They have the fundamental physical interpretation of 
corresponding to rays. As this review has already reached 
such length, we cannot go into the details of Hadamard’s 
treatment of differential equations, the problem of Cauchy, and 
the establishment of the theorems of existence. We may, how- 
ever, mention that from the physical side, which seems always 
to be the guiding line in his work, he touches on refraction, 
Fresnel’s wave surface, double and conical refraction, Huy- 
ghens’s construction, and finally diffraction. 

One who does not watch the signs of the times might be 
tempted to say of this work as Gibbs once said of his Statistical 
Mechanics that “ he was afraid that it was too mathematical for 
the physicist and too physical for the mathematician.” If this 
be at all true, the fault lies almost wholly with the mathemati- 
cian who, under the influence of men like Weierstrass and Kro- 
necker and other great pure mathematicians of the past sixty 
years, has been getting himself as far away as possible from the 
realm of applications be they never so abstract. A hundred 
years ago there was not much difference between the mathe- 
matician and the physicist. Gauss, Lagrange, Laplace, Poisson, 
Cauchy, all were known for their researches in theoretical 
applied mathematics. Of late, under the influence of Klein, 
there has been a decided trend in Germany toward those prob- 
lems which concern the applications. The English have seldom 
turned their attention to other than practical mathematics. The 
French have always been known for the accuracy with which 
they pursued a middle course, inclining neither to too bald ap- 
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plication nor to extreme fantasy in theory. It is therefore not 
surprising that one of the genius of Hadamard should accom- 
plish some of his best work in this intermediate field. We 
hope and we believe that such example will influence mathe- 
maticians in general to turn their attention more to mechanics, 
light, elasticity, and the like, instead of confining themselves 
so exclusively to the pure theory only. So well has the author 
combined his developments of differential equations and of wave 
theory that the one will force mathematicians to take an interest 
in the work while the other cannot longer be neglected by 
physicists. 

One of the most remarkable things about the book is its 
apparent simplicity and naturalness. When it is all done and 
read, one is half inclined to feel “I could have done that 
myself” — but he could not. This is one of the distinguishing 
features of Hadamard’s genius. For it and for the book we 
may: congratulate ourselves on the fact that the author has 
commenced to publish his courses at the Collége de France. 
May he soon give us his Calculus of Variations.. 

Epwin BIDWELL WILSON. 


Universiry, 
December 23, 1903. 


BURKHARDT’S THEORY OF FUNCTIONS. 


Funktionentheoretische- Vorlesungen. Von H. BurkHarpr. 
Bd. I,, Algebraische Analysis, xii+ 195 pp. Bd. I,, Ein- 
fihrung in die Theorie der Analytischen Funktionen einer 
Komplezxen Verdnderlichen, Zweite Auflage, xii + 227 pp. 
Leipzig, Veit & Comp., 1903. 

In 1897 appeared Burkhardt’s book with the same title as 
the present revision I,, and in 1899 appeared II, entitled 
Elliptische Funktionen. As the volume of 1897 was subjected 
to a thorough review by Professor Bécher in the BULLETIN, 
volume 5 (1899), pages 181-185, it will be necessary to indi- 
cate here only the changes that have been made in the second 
edition, chiefly due to the transfer to I, of the more elementary 

; on real variables. 

Chapter III of the first edition may be characterized as a 
twelve page catalogue of definitions and theorems (usually 
without proof) on real variables. Those relating to double 
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integrals are entirely omitted in the new books, being no longer 
necessary in establishing the lemmas used in the proof of 
Cauchy’s theorem according to the procedure made possible by 
the recent investigations of Pringsheim, Goursat, and Moore. 
Of the remaining theorems in the catalogue, the -more elemen- 
tary are established in I,, while the others are proved inI,. In 
the new Chapter III we find treated point sets (Punktmengen), 
their points of accumulation (Haufungspunkte), continuity of 
functions of one or two real variables, upper and lower integrals 
of F(x), conditions for term by term integration or differentia- 
tion of a series, and curvilinear integrals. 

Theorem VIII on page 92 of the earlier edition, the statement 
of which was incorrect as far as the use of the term Bereich for 
Flichenstiick U, and the proof of which was wholly inadequate, 
appears in the new edition in a new setting, with careful proof 
(pages 83-85, 87, 120) based on the jacobian of two functions 
of two real variables. 

In other respects, we find only very slight changes. A 
geometric proof is inserted on page 25; a small addition to. 
the section on automorphic function occurs on page 70. Cer- 
tain confusing errata in the old edition in Fig. 24 and formulas 
(3), page 136 and formula (13), page 143, have been corrected 
in the new. 

In his Algebraische Analysis, Burkhardt has added an en- 
tirely new volume to his series. Approaching more nearly 
Tannery’s Introduction a la théorie des fonctions d’une variable 
than perhaps any other text, it may however be regarded as 
unique, at least from the pedagogical standpoint. The book 
presents, on the one hand, the general theory of irrational 
numbers and limit processes, and on the other hand the special 
analytic representation of the elementary transcendental func- 
tions. The author believes that the latter without the former 
would not be satisfactory, while the former without the latter 
would prove too abstract and sterile. For the comprehension 
and appreciation of a large part of Burkhardt’s Analysis, not a 
little power of abstraction is demanded of the reader. The 
author himself remarks that he regards the study of such a 
book as profitable only when by an earlier acquaintance with 
the calculus the need has awakened for a purely arithmetic 
foundation. 

The Introduction is concerned with the notion and need in 
geometry of an extension of the number system beyond that of 
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positive integers, with grounds for the preference of a purely 
arithmetic to a geometric basis. Chapter I deals with the ele- 
mentary operations on positive integers, the concept of which 
is presupposed. For reference, a set of axioms of equality and 
inequality is formulated. The nature of the chapter may be 
indicated by the list of the five “fundamental properties of 
addition”: (1) unrestricted applicability ; (2) uniqueness of 
sum; (3) addition is associative; (4) is commutative; (5) 
is monotonic (froma > b follows a + +c for every c). 
From these may be derived by formal logic the various “ de- 
rived properties ” of addition. Raising to a power (Potenzie- 
rung) is said to be associative since (a™)" = a”™". But the sec- 
ond member introduces another operation (multiplication). It 
would seem more natural to deny the associative property since 
(a")” + a™*, in general. The chapter concludes with three 
pages on the binominal theorem. 

In Chapter II, zero and the negative integers are introduced. 
This is done quite abstractly by regarding numbers as repre- 
sentatives of operations, not of things. A symbol (5) is given 
to the operation of adding 5 (to an arbitrary positive integer 1). 
These addition operations may be added or subtracted. Thus 
(5) + (7) = (12), (7) — (5) = (2). Moreover, the symbol (5) 
— (7) may be interpreted (still in the realm of positive integers) 
as the operation of subtracting 2. In the latter case, the author 
fails to remark (as done on pp. 30-31 for the corresponding 
developments on multiplication and division), that there is a 
restriction on the “M,” a limitation which, however, does not 
affect the existence of the operation as such. Finally, (a) 
— (a), written (0), is the identity-operation (Nichtsthun). In 
the domain of these operations (otherwise than in the domain of 
positive integers), subtraction may always ‘be performed. So far, 
a ‘letter c denotes a positive integer and (c) the addition of c. 
We next regard a letter in parenthesis as a symbol which, 
according to circumstances, may denote an addition, or a sub- 
traction, or the identity-operator, and thus make a generalized 
definition of (a) + (6). This addition is shown to. have the 
above five properties, if for the monotonic property we agree 
that (a) > (6) or (a) < (6) according as (a) — (6) is an addition 
or a subtraction. We may therefore exhibit the reckoning with 
additions and subtractions also as a reckoning with numbers. 
For this purpose we need two series of numbers, the one, 
1,, 2,,---, for additions, and the other, 1,, 2, ---, for subtrac- 
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tions, and finally a sign for the operation (0). As a simplifi- 
cation, readily justified, we denote the first series by 1, 2, ---, 
and the second by —1, —2,---. 

There is given a geometric meaning for zero and the nega- 
tive numbers by means of directed line segments, also by angles 
with sense. As preparatory to the explanation of a geometric 
meaning for multiplication of positive or negative numbers, a 
very useful convention of signs is made for areas of triangles 
and for volumes of tetrahedra. There appears a contradiction 
in sign between the final two paragraphs on page 29. 

In the thirty pages of Chapters IV and V on integral 
rational functions and the solution by determinants of 2 or 3 
linear equations, there is given the usual development found in 
elementary algebras. An exception may perhaps be made in 
respect to the sections on interpolation formulas. * 

Chapter VI gives an ideal introduction to the definition of 
irrational numbers by Dekekind’s cut, with simple illustrations 
leading up to the general developments and with subsequent 
detailed numerical examples. In this exposition, it is a theorem 
that a convergent number sequence converges to a definite 
limit ; whereas it is a definition in G. Cantor’s theory of irra- 
tionals. In its proof there is slight oversight at the bottom of 
page 79. With a irrational and e¢ an arbitrary positive num- 
ber, it is stated that a —e is ‘an a (rational). In correction, it 
suffices to note that there is an a, such that a, >a—e, and 
hence an index & such that every ¢,,,.>a,>a—e. A similar 
correction is to be made at the top of page 87. Likewise in 
§ 50, even if we make the unnecessary restriction that a be 
rational ; there is an infinitude of rational numbers expressible 
in neither of the forms a’, a*; in correction, one puts into 
class c all rational numbers = any a’, etc. On page 79, fifth 
line from bottom, > should be <. There are two evident 
misprints in (4) on page 84, and one in the first line of § 50. 
In (13), page 95, there should be added, as second restriction, 
1+6>0. On page 95, fifth line from bottom, read a™ for 
a™*", On page 96, after first equality in sixth line, read 
— n for n; while in (6) read < for >. 


* Lagrange’s formula is given in its fullest form (page 47) with no men- 
tion of the compact form 
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In exemplification of the practical value of the 5, € notation, 
one may refer to the simple discussion on page 100 of the rela- 
tive accuracy required in each step for the computation of a 
root of an irrational number with an assigned accuracy. From 
the general result it readily follows that, in the extraction of 
square, cube or fourth roots, one needs the number under the 
radical only to the same number of decimal places as the desired 
root. 

On page 103, the signs of — » and + yw at the end of (8) 
and (9) should be interchanged. At the top of page 105, one 
should have the developments, moreover, 
seem to need some minor alterations when 8 <0. Near the 
bottom of page 137, f(x) —g should replace f(x). Before (5) 
on page 153, read z = n/z. 

The elements of purely analytic trigonometry are developed 
on pages 160-167, thereby making the extension (in J,) to 
complex arguments very simple. On page 161, m should be 
restricted to integral values. 

In noting so many errata, the reviewer does not wish to give 
the impression that the book was either written or printed care- 
lessly.. It is only just to state that the list is not merely the 
result of a reviewer's perusal, but rather of a detailed study for 
class use, also including various observations on the part of its 
members. It is thus hoped that the list may prove of use, 
particularly to those who read only portions of the text. 

As the book of 1897 proved so popular, in spite of its bug- 
‘bear in Chapter ITI, it requires no prophet to foresee the recep- 
tion awaiting the present three-volume series of Burkhardt’s 
Vorlesungen. 

L. E. Dickson. 


NOTES. 


THE fifteenth regular meeting of the Chicago Section of the 
AMERICAN MaTHEMATICAL Society will be held at North- 
western University, Evanston, Ill.,on Saturday April2. Titles 
and abstracts of papers to be presented at this meeting should 
be in the hands of the Secretary of the Section, Professor 
Tuomas F. Houeate, 617 Hamline Street, Evanston, not 
later than March 10. 


322 NOTES. [March, 


THE dates of the regular meetings of the San Francisco 
section of the AMERICAN MATHEMATICAL Society have been 
changed from May and December to February and September. 
The change is to go into effect after the next regular meeting, 
which will be held at Stanford University in May. 


At the meeting of the London mathematical society held on 
January 14, the following papers were read: By Professor J. D. 
EvERETT, “ On various systems of piling” ; by Mr. H. BaTeE- 
MAN, “On functions defined by the equation & V/Ox? + ---+ 
&V/ox? = 0”; by Dr. G. Prasap, “On the notion of lines 
of curvature in the theory of surfaces”; by Professor W. 
BURNSIDE, “On groups of order p*g® ” ; by Mr. H. M. Mac- 
DONALD, “ Electric radiation from conductors” ; by Dr .W. H. 
Youna, “Open sets of points and the theory of content.” 


AT the last meeting of the Kansas State teachers’ association 
at Topeka steps were taken to organize a Kansas association of 
teachers of mathematics. A committee of five, representing 
different grades of instruction, was appointed to perfect the 
preliminary organization. Among other objects the association 
proposes to urge the adoption of a common standard course in 
mathematics in the preparatory schools, and of uniform entrance 
requirements in the colleges of the state along the lines recently 
proposed by the AMERICAN MATHEMATICAL Society and al- 
ready adopted by many of the leading colleges. Professor H. 
B. Newson, of the University of Kansas, is chairman of the 
committee on organization. 


THE universities below offer during the summer semester of 
1904 courses in mathematics as follows: 

UnIversity oF Municu. — By Professor F. LINDEMANN : 
Integral calculus, five hours; Conformal representation and 
linear differential equations, four hours ; Foundations of geom- 
etry, two hours; Seminar, solution of higher equations, one 
and one half hours. — By Professor A. Voss: Analytic geome- 
try of space, five hours ;, Analytic mechanics II, four hours ; 
Seminar, exercises in mechanics, two hours. — By Dr. K. DoEu- 
LEMANN: Descriptive geometry, three hours, with exercises, 
two hours; Synthetic geometry, three hours. — By Professor 
E. v. Weser: Algebraic analysis, four hours; Differential 
equations, four hours; Selected chapters from the theory of 
functions, two hours. — By Dr. H. K. Brunn: Algebra II, 
four hours. 
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University or Turin.— By Professor C. Segre: Abelian 
integrals and their application to geometry, four hours. — By 
Professor E. p’Ovip10: Theory of algebraic forms, four hours. 


THE Paris academy of sciences announces the following 
prize problems in mathematics for 1904: grand prize of 3000 
francs, “to perfect in some important point the study of the 
convergence of algebraic continued fractions” ; Bordin prize of 
3000 frances, “to develop and complete the theory of surfaces 
applicable to the paraboloid of revolution ” ; Vaillant prize of 
4000 francs, “ to determine and study all the displacements of 
an invariable figure in which the different points of the figure 
describe spherical curves.” The Franceur prize of 1000 
francs and the Poncelet prize of 2000 frances will be awarded 
for treatises or discoveries which are most useful to the progress 
of mathematical science, either pure or applied. 


THE Royal Institute of Lombardy has decided not to award 
its prize for a notable contribution to the theory of Lie’s groups 
of transformations, announced for 1903. No sufficiently im- 
portant papers were submitted for the competition. 


M. ScuHi.ine, of Halle, announces two new series of mathe- 
matical models, prepared since the publication of the sixth 
edition of his catalogue: Series XXX, numbers 1 and 2, 
plaster models of the depiction of the projective plane on a 
finite closed non-singular surface, by Dr. W. Boy ; number 3, 
plaster model of a cubic surface, illustrating its form near a 
parabolic point, by Professor P. SrickeL; series XXXI, 
second series of kinematic models, 11 in number, by Professor 


THE Faculty of Sciences and the Engineering School of 
Rome have issued a circular inviting international subscrip- 
tions to a memorial of the late Professor Luigi CREMONA. 
Contributions should be sent to the Secretary of the Engi- 
neering School, I. Sonzogno, Piazza San Pietro in Vincoli 
5, Rome, Italy. 


On November 29, 1903, a bust of the late Professor Cussa, 
director of the technical school at Turin, Italy, was unveiled at 
the schoo] with appropriate ceremonies. 


ProFessor Karu Pearson, of University College, London, 
has been elected honorary fellow of King’s College, Cambridge. 
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Me. E. M. Horssuren has been appointed lecturer on 
practical mathematics at the University of Edinburgh. 


Dr. E. Devassus has been appointed associate professor of 
the calculus at the University of Besangon. 


Proressor Pomeroy LapvuE, of New York University, 
has been granted leave of absence; his academic work will be 
temporarily in charge of Mr. C. Royce, of Harvard University. 


Proressor E. Hess, professor of mathematics at the Uni- 
versity of Marburg, died December 27 at the age of 60 years. 


Mr. C. H. Rockwe.t, astronomer and physicist, died at 
Tarrytown, N. Y., on January 1. Mr. Rockwell took an ac- 
tive part in the expedition sent by the national government to 
the Caroline Islands to observe the total eclipse of the sun, 
May, 1883. He had been a member of the AMERICAN 
MATHEMATICAL Society and its predecessor the New York 
Mathematical Society since October, 1891. 


THE death, on January 22, of the eminent mathematician 
and theologian, Rev. GrorcE Saumon, has already been an- 
nounced in the Butietin. Dr. Salmon was born at Dublin, 
September 25, 1819, and was graduated as senior moderator in 
mathematics from the University of Dublin, in 1839. He 
was soon appointed scholar and then fellow of the university, 
and at this period he wrote his well-known treatises on mathe- 
matics. For these works he was awarded the royal medal, the 
Copley medal and the Conyngham medal, and received honor- 
ary election to many of the learned societies of Europe. In 
1866 Dr. Salmon was elected professor of divinity at Trinity 
College, Dublin, since which time his activity has been devoted 
to theological studies. 


NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 


Bercrr (H.). Ueber Rotationsfliichen zweiten Grades, die einem 
gegebenen Tetraeder eingeschrieben sind. (Diss.) Strassburg, 
1903. 8vo. 43 pp. 


Braset (C.). Beitrag zur Theorie periodischer Reihen. (Progr.) 
Leobschiitz, 1903. 4to. 20 pp. M. 1.00 
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Bicnet (W.). Zur Topologie der durch eine gewéhnliche Differential- 
gleichung erster Ordnung und ersten Grades definierten Kurven- 
schar. (Diss.) Jena, 1903. 8vo. 37 pp., 2 plates. 


Burkuarpt (H.). Funktionentheoretische Vorlesungen. Vol. I, Heft 
2: Einfiihrung in die Theorie der analytischen Funktionen einer 
komplexen Veriinderlichen. 2te, durchgesehene und _teilweise 
umgearbeitete Auflage. Leipzig, Veit & Co., 1903. 8vo. 12+ 
227 pp. M. 6.20 


Enriques (F.). Lezioni di geometria proiettiva. 2a edizione, aumen- 
tata.- Bologna, Zanichelli, 1904. 8vo. 8-+ 409 pp. Fr. 10.00 


Himpet (H.). Ueber die Gruppe der 120 Collineationen, durch die ein 
riiumliches Fiinfeck in sich selbst tibergeht. (Diss.) Strassburg, 
1903. 8vo. 40 pp. 


Kapescu (A.). Ueber die Einhiillungsfliichen von Potenzflichenscharen. 
Wiesbaden, 1903. 4to. 63 pp. M. 1.50 


(G.). Symmetrische Cykliden. (Diss.) Strassburg, 
1902. 8vo. 47 pp. 


Karpinski (L. C.). Ueber die Verteilungen der quadratischen Reste. 
(Diss.) Strassburg, 1903. 8vo. 21 pp. 


Murray (D. A.). First course of infinitesimal calculus. For classes 
in arts, science, and ae London and New York, Long- 
mans, 1903. 8vo. Cloth. $2.00 


NIELSEN (N.). Handbuch der Theorie der Cylinderfunktionen. Leipzig, 
Teubner, 1904. 8vo. 12-+ 408 pp. 


REICHEL (0.). Vorstufen der héheren Analysis und analytichen Geo- 
métrie. Leipzig, Teubner, 1904. 8vo. 10-+.111 pp. 


STEPHANSEN (M. A. E.). Ueber partielle Differentialgleichungen vierter 
Ordnung, die ein intermediiires Integral besitzen. (Diss.) Ziirich, 
1902. 8vo. 80 pp. 


TerxeirA (F.G.). Sur la convergence des formules d’interpolation de 
Lagrange, de Gauss, ete. 4to. (Journal fiir rcine und angewandte 
Mathematik, Vol. 126, pp. 116-162.) 


II. ELEMENTARY MATHEMATICS. 


Amaporr (C.). Elementi di calcolo letterale (operazioni sui monomi 
e polinomi, frazioni letterali, equazioni di primo grado ad una e 
due incognite) con 200 esercizi e problemi proposti ad uso delle 
classi IV e V del ginnasio (secondo i nuovi programmi, novembre 
1900), delle scuole tecniche e normali. Citta di Castello, Lapi, 


1903. 8vo. 48 pp. Fr. 1.25 
Amanzio (D.). Elementi di geometria ad uso delle scuole tecniche e 
normali. Napoli, Jovene, 1904. 16mo. 480 pp. Fr, 3.75 


Boxpen (W.C.), A first book in algebra. New York, Silver, Burdett 
& Co., 1903. 12mo. 187 pp. Cloth. $0.60 


Borman (R.). Lehrbuch der Mathematik fiir Gymnasien, Realschulen 
und andere hihere Lehranstalten. Teil 2: Ebene Trigonometrie 
und Geometrie des Raumes. 13te Auflage, besorgt von Vering. 
Ditsseldorf, Schwann, 1903. 8vo. 6-+ 214 pp. M. 2.25 
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CuotteT (M.). Tablas de logaritmos 4 cinco decimales, de los 
ndmeros naturales de 1 4 10,000, y de las lfneas trigonométricas de 
los arcos del primer cuadrante en los dos sistemas de la divisién 
centesimal y de la divisi6n sexagesimal de la circunferencia, con 
un suplemento y un formulario. Paris, Garnier [1903]. 8vo. 
329 pp. 

CoLtaw (J. M.) and Exttwoop (J. K.). School algebra. Richmond, 
Johnson, 1903. 12mo. 432 pp. Cloth. $1.15 


Crockett (C. W.). Elements of plane trigonometry. Logarithmic 
and trigonometric tables for five decimal places. New York, 
American Book Co., 1904. 8vo. 121+ 103+ 15 pp. Cloth. $1.00 


(J. K.). See Cotaw (J. M.). 


F. (F.). Manuel d’algébre et de trigonométrie. Paris, Poussielgue, 
1903. i6mo. 8 + 216 pp. 


Frreprich (G. A.). Mathematische Reifepriifungsaufgaben des k. 
Gymnasiums zu Tilsit. Tilsit, 1903. 4to. 41 pp. M. 1.20 


Haty. (H. S.) and Srevens (F. H.). School geometry. Parts 1-4, 
containing substance of Euclid, books 1-4, treated graphically and 
theoretically. London, Macmillan, 1903. 8vo. 260 pp. Cloth. 3s. 


——. School geometry. Parts 1-5, containing substance of Euclid, 
books 1-4, 6, with additional theorems and examples. London, 
Maemillan, 1903. 8vo. 360 pp. Cloth. 4s. 6d. 


——. School geometry. Part 5, containing substance of Euclid, book 
6, with additional theorems and examples. London, Macmillan, 
1903. 8vo. 114 pp. Cloth. Is, 6d. 


H6éum (F.). Lehr- und Uebungsbuch der Arithmetik fiir Madchenlyzeen. 
Teil 2: Fiir die III. und IV. Klasse. Wien, Tempsky, 1904. 8vo. 
4+ 104 pp. Cloth. M. 1.90 


IncA Levis (E. d’). Elementi di trigonometria piana, con applicazioni 
ed esercizi relativi. Roma e Milano, Albrighi, Segati e C., 1904. 
l6mo. 8 + 130 pp. Fr. 2.00 


MitTenzwey (L,). Mathematische Kurzweil, oder 333 Aufgaben, 
Kunststiicke, geistanregende Spiele, verfingliche Schliisse, Scherze, 
Ueberraschungen und dergl. aus der Zahlen- und Formenlehre fir 
alt und jung zur Unterhaltung und Belehrung. 4te, vermehrte 
Auflage. Leipzig, Klinkhardt, 1904. 8vo. 108 pp. — 

. 1.50 


Mitirr (E.). Planimetria, ad uso delle scuole medie, con appendice 
contenente le regole pratiche per la misura della circonferenza e 
dei principali corpi solidi. Torino, Paravia e C., 1903.  8vo. 
8 + 170 pp. Fr. 2.40 


Mutter (H.). Die Mathematik auf den Gymnasien und Realschulen, 
fiir den Unterricht dargestellt. Teil I: Die Unterstufe (Lehrauf- 
gabe der Klassen Quarta bis Unter-Sekunda). 3te Auflage. Aus- 
gabe B: Fiir reale Anstalten und Reformschulen. Leipzig, Teubner, 
1904.. 8vo. 8+ 199 pp. Cloth. M. 2.20 


Orteca ¥ Sata (M.). Geometria. Vol. I. 10a edicién. Madrid, 
Hernando, 1903. 8vo. 23 + 695 pp. Fr. 15.00 


Orto (A.). Die Auflésung der Gleichungen mit Beriicksichtigung der 
neuesten Fortschritte. 4te Auflage. Diisseldorf, Otto, 1904. 8vo. 
63 pp. Boards. M. 3.00 
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Scutorke (J.). Die Kegelschnitte und ihre wichtigsten Eigenschaften 
in elementar-geometrischer Behandlung. Dresden, Kithtmann, 1903. 
8vo. 3+ 96 pp. M. 3.20 


Scnupert (H.). Mathematische Mussestunden. Eine Sammlung von 
Geduldspielen, Kunststiicken und Unterhalt ufgaben mathe- 
matischer Natur. Kleine Ausgabe. 2te, dure a Aufiage. 
Leipzig, Gischen, 1904. 12mo. 306 pp. M. 5.00 


Scortr (G.). Elementi di geometria intuitiva, ad uso del ginnasio 
inferiore e dei corsi complementari, secondo gli ultimi programmi 
governativi.. 4ta edizione. Torino, Tipografia Salesiana, 1904. 
16mo. 139 pp. Fr. 1.00 


Sipro pe La Torre (M.). Magnitudes y medidas; puntos importantes 
de matemiticas elementales, I. Aritmetica. Madrid, Ricardo Fé, 
1903. 8vo. 79 pp. Fr. 3.00 


Spracce (E. H.). Geometry for technical students: introduction to 
pure and ‘applied geometry and mensuration of surfaces and solids 
in simple proportions, ete. London, Lockwood, 1903. 8vo. Cloth. 

1 


8. 
Srevens (F.H.). See (H. 


Somonte (1.). Nociones y ejercicios de aritmética 
geometria. Madrid, Méndez, 1903. 8vo. 180 pp. Fr. 5.00 


Veninc. See Borman (R.). 
Il. APPLIED MATHEMATICS. 


Asse (E.). Gesammelte Abhandlungen. Vol. I: Abhandlungen fiber 
die Theorie des Mikroskops. Jena, Fischer, 1904. 8vo. 8 +486 
pp., 2 plates, 1 portrait. M. 9.00 

BERNIOLLE (P.). Lecons de géométrie descriptive, conformes aux 
ew du 31 mai 1902 pour les classes de premitre C et D. 

aris, Paulin, 1903. 18mo. 8 + 144 pp. 

Bertranp (E.). See Macu (E.). 


BrépixHine (T.). Etude sur Vorigine des météores cosmiques et la 
formation de leurs courants. t. Pétersbourg, 1903. 8vo 365 
Ppp. M. 4.80 


Brices (W.) and Bryan-(G. H.). Tutorial dynamics. 3d impression, 
2d -edition, (University Tutorial Series.) London, Clive, 1903. 
8vo. 424 pp. Cloth. 3s. 6d. 

Bryan (G. H.). See Brices (W.). 

BuLterpieck (A.). Giiltigkeit des Massenwirkungsgesetzes fiir starke 
Elektrolyte. (Diss.) Géttingen, 1903. 8vo. 78 pp. 


Davoctio (G.). Nuovi principi di dinamica lineare. Saggio. Parte 
. Bergamo, Istituto italiano d’arti grafiche, 1903. 8vo. 63 pp. 
Fr. 2.00 


Garratt (H. A.). Principles of mechanism: short: treatise on kine- 
matics and dynamics of machines. London, Arnold, 1903. 8vo. 
174 pp. Cloth. 3s. 6d. 


Hapamarp (J.). Lecons sur la propagation des ondes et les équations 
de ’hydrodynamique. Paris, Hermann, 1903. 8vo. 13 + 377 pp. 
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Jorpan (W.). Handbuch der Vermessungskunde. Vol. I: Ausgleich- 
ungsrechnung nach der Methode der kleinsten Quadrate. .5te 
Auflage, durchgesehen von G. Reinhertz. lte Lieferung: wigs 1-320. 
Stuttgart, Metzler, 1904. 8vo. M. 7.00 


Ketrcuum (M.S.). The design of steel mill a and the calcu- 
lation of stresses in framed structures. New York, Engineeri: 
News, 1903. 8vo. 367+ 13 pp., 29 tables. $4.00 


Lzon y NuwNez (L,). Estudios elementales de electrodinamica. 
Madrid, 1903. 4to. Fr. 4.50 
Macu (E.). La mécanique. Exposé historique et critique de son 
développement. Ouvrage traduit sur la 4e édition allemande par 
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Matuy (E.). Applications des fonctions elliptiques 2 la mécanique, 
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Pp- Fr. 2.00 
Nernst (W.). Theoretische Chemie vom Standpunkte der Avogadro- 
schen Regel und der Thermodynamik. 4te Auflage. Ee 
Enke, 1903. 8vo. 14+ 750 pp. 6.00 

PeprazaA ¥ CaBrera (D. P.). Lecciones de geometria descriptiva. 
Superficie en general. Obra elegida para texto por Real orden de 
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2 Vols. Madrid, Imprimeria del Memorial de 
Svo. 292 pp. 4to. 48 plates. 
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